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ABSTRACT 
 
Modeling of ductile damage is generally done using analytical potentials, which are expressed 
in the stress space. In this paper, for the first time it is shown that strain rate potentials which 
are exact conjugate of the stress-based potentials can be instead used to model the dilatational 
response of porous polycrystals. A new integration algorithm is also developed. It is to be 
noted that a strain-rate based formulation is most appropriate when the plastic flow of the 
matrix is described by a criterion that involves dependence on all stress invariants. In such 
cases, although a strain-rate potential is known, the stress-based potential cannot be obtained 
explicitly. While the proposed framework based on strain-rate potentials is general, for 
comparison purposes in this work we present an illustration of the approach for the case of a 
porous solid with von Mises matrix containing randomly distributed spherical cavities. 
Comparison between simulations using the strain-rate based approach and the classical stress-
based Gurson’s criterion in uniaxial tension is presented. These results show that the model 
based on a strain-rate potential predicts the dilatational response with the same level of 
accuracy.  
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1. Introduction 
 
Ziegler (1977) has shown that a plastic strain rate potential can be associated to any convex 
stress potential. Hence, a strain rate potential can be used instead of a classical stress potential 
to describe the plastic response of materials. Strain rate potentials are more suitable for 
process design, especially for solving inverse problems (e.g. Chung et al., 1997). Specifically, 
exact strain rate potentials associated to the von Mises, Hill (1948), or Cazacu et al. (2006) 
criteria have been used for metal forming simulations (e.g. Rabahallah et al., 2009a). Barlat 
and co-workers have also proposed several non-quadratic anisotropic strain rate potentials (for 
a review, see Kim et al., 2007). However, at present strain-rate potentials have been used only 
for the description of the plastic response of fully-dense metallic materials (void free 
materials). For such materials, yielding is insensitive to the mean stress and plastic 
deformation is not accompanied by any volume change. Therefore, the associated strain-rate 
potentials are expressed in terms of the deviator of the strain-rate tensor. As a consequence, 
all the existing time-integration algorithms based on strain-rate potentials make use of the 
hypothesis that the plastic flow is incompressible. However, most engineering materials 
contain defects (either cracks or voids). Early on it has been recognized that the presence of 
defects induces a dependence of the plastic response on the mean stress (Rice and Tracey, 
1969; Tvergaard, 1981). To model the particularities of the plastic flow of voided 
polycrystals, micromechanically-motivated stress-based potentials have been developed. In 
particular, Gurson’s (1977) is the most widely used criterion for modeling yielding of porous 
metals. 
In this paper, it is shown that strain-rate potentials (SRP) can be instead used to numerically 
model damage-plasticity couplings. Illustration of this approach is done by considering the 
strain rate potential which is the exact conjugate of Gurson’s (1977) stress-based potential for 
porous solids containing randomly distributed spherical voids. The structure of the paper is as 
follows. After a brief presentation of the kinematic homogenization approach of Hill-Mandel 
(Hill,1967; Mandel,1972), we recall Gurson’s (1977) analysis and give the expression of the 
associated SRP (Section 2). The governing equations for an elastic-plastic damage model 
based on this SRP and the proposed time-integration algorithm are presented in Section 3. The 
developed algorithm is implemented in the FE code Abaqus/Standard as a user material 
subroutine (UMAT). For validation purposes, simulations of single-element uniaxial tension 
using the Abaqus built-in model and the developed UMAT are presented. Furthermore, in 
order to demonstrate the ability of the new SRP-based model to predict the salient features of 
ductile damage, an analysis of void volume fraction evolution in a notched tensile bar is 
conducted. Regarding notations, vector and tensors are denoted by boldface characters. If A 
and B are second-order tensors, the contracted tensor product between such tensors is defined 
as: ij ij: A B=A B  i, j = 1…3. The norm of A is defined as := A A A ; tr denotes the trace 
of the tensor. 
 
 
 
2. Modeling framework 
 
Generally, the onset of plastic flow is described by specifying a convex yield function, ( )ϕ σ , 
in the stress space and the associated flow rule 
p φλ ∂=
∂
ɺD
σ
,      (1) 
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where σ is the Cauchy stress tensor, pD  denotes the plastic strain rate tensor and 0λ ≥ɺ  stands 
for the plastic multiplier. The yield surface is defined as ( ) τϕ =σ , where τ  is a positive 
scalar with the dimension of stress. Generally, τ  is taken as the uniaxial yield in tension, Tσ . 
The dual potential of the stress potential ( )φ σ  is defined (see Ziegler (1977), Hill (1987)) as 
pψ( ) λ= ɺD ,      (2) 
 and  
    T p
ψ∂
= σ
∂D
σ .      (3) 
The yield function ( )ϕ σ  is generally taken homogeneous of degree one with respect to 
positive multipliers, so      
                            ( )p pij ij TW sup σ D λσ
∈
= =
ɺɺ
σ C
, i, j = 1…3,                                           (4) 
where C is the convex domain delimited by the yield surface, and pWɺ  is the work rate 
associated with the plastic strain rate tensor pD . Thus, ( )pψ D is a work-equivalent measure 
of the strain rate. The functions ( )pψ D  and ( )φ σ  are dual potentials. For example, in the 
case of von Mises potential (i.e. ( ) ( )φ 3 2 :/ ′ ′=σ σ σ ), the associated SRP is: 
( ) ( )p p pψ 2 3 :/ ε= =D D D ɺ , where εɺ  denotes the von Mises equivalent strain rate and ′σ the 
stress deviator. 
 
Plastic potentials for porous metallic materials  
 
The kinematic homogenization approach of Hill-Mandel (Hill, 1967; Mandel, 1972) offers a 
rigorous framework for the development of criteria for describing the plastic response of 
porous solids. If the matrix is rigid-plastic, it has been shown (e.g. Talbot and Willis, 1985) 
that there exists a strain-rate potential Π = Π( , )p fD  such that the stress at any point in the 
porous solid is given by: 
( )p
p
Π
 = 
, f∂
∂
D
D
σ  with ( ) ( )p ΩΠ = infK ( ), f pi∈d DD d .  (5) 
where Ω  is a representative volume element composed of the matrix and a traction-free void, 
while  denotes the average value over Ω ; f is the porosity (ratio between the volume of 
the void and the volume of Ω ); ( )pi d  is the matrix’s plastic dissipation with d  being the 
local plastic strain rate tensor. Minimization is done over K(D), which is the set of 
incompressible velocity fields compatible with homogeneous strain-rate boundary conditions, 
i.e. 
 = v Dx , for any Ω∈∂x .    (6) 
Only very few velocity fields compatible with uniform strain-rate boundary conditions are 
known. For example, for spherical void geometry the only known velocity fields are those 
deduced by Rice and Tracey (1969) and Budiansky et al. (1982). For examples of other 
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velocity fields deduced using an Eshelby-type approach, the reader is referred to Monchiet et 
al. (2011). Furthermore, in order to arrive at closed-form expressions, the local plastic 
dissipation is calculated for a unique velocity field. Thus, the associated overall potential is an 
upper-bound of the exact plastic dissipation of the porous solid. However, only in the case 
when the plastic behavior of the matrix is described by simple expressions (e.g. von Mises, 
Hill, 1948), it is possible to arrive at a closed-form expression of the approximate stress-based 
plastic potentials of the porous solid (e.g. Gurson, 1977; Monchiet et al. 2008, respectively). 
If the plastic flow of the matrix is described by a criterion involving all stress invariants, e.g. 
Tresca criterion, an approximate SRP can be deduced (see Appendix A); however, a closed-
form stress-based criterion can be obtained only in parametric form (see Cazacu et al., 2013). 
Furthermore, integration algorithms exist only for stress-based formulations of coupled elasto-
plastic damage behavior (e.g. Aravas, 1987). Although all the numerical methods and 
techniques developed in this paper are valid for an elasto-plastic damage model described by 
a general strain-rate potential pΠ = Π( , )fD  in its general form, in this paper we discuss a 
specific strain-rate potential which is the exact conjugate of Gurson’s (1977) stress potential 
for spherical cavities. Let us recall that the analysis of Gurson (1977) was done on a hollow-
sphere, its rigid-plastic behavior being governed by the von Mises yield criterion. The local 
plastic dissipation was calculated using the velocity field deduced by Rice and Tracey (1969). 
The approximate strain-rate potential obtained is:  
 ( ) 2 2 2 2 2
2
1 1
 , 2 ln .    
1
p p
m
u f u u f uf D
u fu u
  + − + + +  Ψ = +   + +  
D
  
(7) 
where f denotes the porosity (or void volume fraction), ( )2 /p pm eu D D= , with 
( ) ( )p p p/3 and  2 / 3 : .p pm eD tr D ′ ′= =D D D
 
Hence, at yielding: 
( ) 2 2
m
2
,1 2 1
= ln ,
3 3 1
p
p
T m
f u u f
D fu u
σ
σ
 ∂Ψ + + = ⋅ ∂ + + 
D
   (8a) 
( ) 2 2 2e ,
= 1
p
p
T e
f
u u f
D
σ
σ
∂Ψ
= + − +
∂
D
.    (8b)  
where ( )m = / 3trσ σ  and ( )e  3 / 2 :σ ′ ′= σ σ . The parameter u can be eliminated between 
Eqs. (8), to arrive at the classical stress-based formulation (for details, see Gurson, 1977): 
  ( )
2
23
, 2 cosh 1 .
2
e m
T T
f f fσ σ
σ σ
   
Φ = + − −      
σ     (9) 
 
As an example, in Figure 1(a) is shown the representation of the strain-rate potential (7) for 
different initial porosities f = 0.001, f = 0.01, and f = 0.1, respectively, while in Figure 1(b) are 
shown isocontours of its exact dual, i.e. Gurson’s stress potential (Eq. (9)) for the same 
porosities. The porous material being isotropic, the principal directions of pD  and stress 
coincide. The projection of the strain-rate potential in the octahedral plane (plane with normal 
at equal angles to the principal directions of the strain rate tensor pD ) is shown in Figure 2(a) 
while Figure 2(b) depicts the section of Gurson’s (1977) stress potential. 
 
5 
 
0
0.2
0.4
0.6
0.8
1
1.2
0 1 2 3 4 5
f=0.001
f=0.01
f=0.1
0
0.2
0.4
0.6
0.8
1
1.2
0 0.05 0.1 0.15 0.2 0.25
f=0.001
f=0.01
f=0.1
p
m
D
p
e
D
m
σ
σ
eσ
σ
ba
 
Figure 1. Strain-rate potential (a) and normalized yield surface (b) for fixed values of the porosity f.  
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Figure 2. (a) Section of the SRP with 0p
m
D = ; (b) octahedral plane representation of its dual, Gurson’s 
normalized yield surface potential for 0
m
σ =  for fixed values of the porosity f.  
 
 
 
 
3. Time-integration algorithm for a general elastic-plastic damage model based on a 
strain-rate plastic potential 
 
In the following we present the governing equations for an elastic-plastic damage model 
based on a strain rate potential and a general time-integration algorithm. The total rate of 
deformation is considered to be the sum of an elastic part and a plastic part pD . The elastic 
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response is described by Hooke's law. In the plastic regime, stresses are derived from a strain-
rate potential, i.e.: 
  
pσ
∂Ψ
=
∂
σ
D
, (10) 
In Eq.(10), σ  is the tensile effective stress for the matrix (fully-dense material), whose 
hardening is considered to be governed by the local effective plastic strain, ε  according to a 
power law of the form:  
    
( )0 nAσ ε ε= +
.     (11) 
The rate of the local effective plastic strain εɺ  is obtained, assuming the equivalence of 
microscopic and macroscopic plastic work as  
   
 ( )1 : pfσε − = σ Dɺ .     (12) 
The porosity evolution law is supposed of the generic form 
  ( ), ,pf f ε ε= Dɺ ɺ ɺ . (13) 
Loading-unloading condition 
 
In classical rate-independent plasticity, the yield function is used in order to determine 
whether a given stress state corresponds to elastic or elasto-plastic loading. In the case of an 
SRP-based formulation, no explicit yield condition is available, so alternative 
loading/unloading conditions need to be considered (e.g. Van Houtte et al., 1995). Let define 
 ( ) ( ) :g
σ
= Ψ − σN N N , (14) 
where N= p p/ D D  is the normalized plastic strain rate tensor. The loading/unloading 
condition proposed by Bacroix and Gilormini (1995) will be adopted. It is based on the 
maximum work principle   
 ( )
0 if is outside the yield surface,
Min 0 if is on the yield surface,       
0 if is inside the yield surface.
g
<
=
 >
N
σ
N σ
σ
 (15) 
It is to be noted that in classical elastic/plastic formulations, pD  is symmetric and deviatoric, 
so the minimization is done with respect to the four independent components of the 
normalized tensor (see Rabahallah et al., 2009b). In the case of a coupled plasticity-damage 
model, pD is no longer deviatoric, the SRP also depending on tr (Dp) (for example, see Eq. 
(7)). It is proposed to use five independent angles, to define the five independent components 
of the unit-length tensor N: 
7 
 
 
1 11 1 2 3 4 5
2 22 1 2 3 4 5
3 33 2 3 4 5
4 12 3 4 5
5 23 4 5
6 31
 sin sin sin sin sin
cos sin sin sin sin
         cos sin sin sin
2              cos sin sin
2                       cos sin
2                
N N
N N
N N
N N
N N
N N
θ θ θ θ θ
θ θ θ θ θ
θ θ θ θ
θ θ θ
θ θ
= =
= =
= =
= =
= =
= = 5                cosθ
, (16) 
where 0≤ 1θ ≤2pi and 0≤ iθ ≤pi, for i =2 … 5; and let denote ( )1 2 3 4 5, , , ,θ θ θ θ θ=θ . The 
minimization of g with respect to θ
 
is associated with the solution of the equation
 
( ) / 0.g∂ ∂ =θ θ  Let us note that this minimization can be avoided in several cases. During 
plastic loading, when the initial stress 
nσ  already lies on the yield surface, the following 
condition ( ) : 0try n n− ≥σ σ N
 
guarantees that the trial stress is outside the yield surface 
(Hughes, 1984), where nN  is the normal to the initial yield surface, which can be stored at 
each increment for future use. This condition renders the minimization unnecessary in most 
situations. However, when the minimization is required, it can be stopped as soon as a tensor 
N is found so that g(N)<0. Indeed, the minimum is guaranteed to be negative in this case, so 
the increment is elasto-plastic. In practice, several simple initializations for N already fulfil 
this condition in most cases. Thus, the minimization procedure seldom needs more than one 
iteration, the computational cost being equivalent to that for stress-based plasticity-damage 
formulation (e.g. Eq. (9)). 
 
 
4. Examples: Analysis of void volume fraction evolution in uniaxial tension 
 
At present, solution of boundary-value problems in ductile damage are done using finite-
element methods and the stress-based potential ( ), fΦ σ given by Eq. (9). One of the 
objectives of this paper is to show that one can use instead an SRP formulation and function 
( ),p fΨ D  given by Eq. (7), which is the exact conjugate of ( ), fΦ σ . The general time-
integration algorithm developed was applied to ( ),p fΨ D  given by Eq. (7) and implemented 
in the FE code Abaqus Standard. To illustrate the capabilities of the new formulation, FE 
analyses of void volume fraction evolution during tensile tests are performed. For both 
formulations (SRP based, and stress-potential based), the material parameters include the 
elastic properties of the matrix: E/ Tσ = 300,  ν = 0.3, where E is the Young modulus and 
ν is the Poisson coefficient, and the parameters involved in the matrix's hardening law (Α/ Tσ  
= 1.8; ε0 = 0.003; n = 0.1). The initial void volume fraction considered in all simulations is f0 
= 0.00014. Void nucleation is described by the classical law of Chu and Needleman (1980); 
the generic porosity evolution, given by Eq. (13), thus becomes: 
 
  
( )
2
p1exp 1 :
22
N N
NN
ff f
ss
ε ε
pi
  
− = − + −    
D Iɺ ,     (17) 
 
where the values of the nucleation parameters are fN = 0.04; sN = 0.1 and εN = 0.3. The 
numerical values for all material parameters are taken from Tvergaard and Needleman (1984) 
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and Aravas (1987). This allows for partial verification of the FE implementation based on 
strain-rate plastic potential through comparison with the results obtained with the ABAQUS 
built-in Gurson model that uses the classical stress-based approach, with the potential given 
by Eq. (9). First, a uniform tensile loading of a single finite element is performed using the 
developed SRP-based material routine and the Abaqus built-in model. The evolutions of the 
tensile stress and porosity as predicted by both approaches are compared in Fig. 3. Clearly, 
the same results are obtained.  
For a more realistic simulation of a tensile test, a round tensile bar geometry is also 
considered. The FE mesh consists of 2325 hexahedral linear elements with reduced 
integration (Abaqus C3D8R element, Abaqus, 2009) (see also Fig.4). Displacement boundary 
conditions are applied at the end of the specimen until the maximum porosity in the bar 
reaches the value f
 
= 0.062. Comparison between the load-displacement responses according 
to the two formulations is shown in Figure 5. It is clearly seen that the results obtained with 
the ABAQUS built-in model and algorithm and with our UMAT implementation are identical. 
Fig. 6 shows isocontours of the void volume fraction corresponding to the end of each test. 
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Figure 3. Evolutions of (a) tensile stress and (b) porosity in uniaxial tension as obtained with the developed 
UMAT for the SRP-potential given by Eq.(7) using the developed algorithm, in comparison with the 
Abaqus built-in model that uses Gurson's stress potential (Eq. (9)) and Aravas (1987) algorithm. 
Simulations are done using a single-element (ABAQUS C3D8R element). 
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Figure 4. (a) Geometry of the sample and  imperfection; (b) FE mesh of one eight of the sample. 
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Figure 5. Load-displacement curve predicted with the proposed approach and with the ABAQUS built-in 
model, respectively.  
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Left: 
SRP UMAT
Right:
ABAQUS 
built-in model
 
 
Figure 6. Isocontours of the void volume fraction at the end of each test, as predicted using (left) the 
strain-rate based formulation and algorithm developed in this paper, and (right) the ABAQUS built-in 
model that uses Gurson's potential (Eq. (9)). 
 
 
 
4. Conclusions and Perspectives 
 
It was shown that a strain rate potential that is the exact dual of the stress-based potential of 
Gurson (1977) for spherical voids can be used to describe the response of porous materials. 
Based on the presented results, it is believed that a very good description of the plastic 
behavior for large strains can be obtained by using strain rate potentials. Such formulations 
are particularly suitable for design optimization. In this paper illustration of the approach was 
presented for the dual of Gurson’s (1977) stress-based potential for porous solids containing 
randomly distributed spherical voids. However, the framework and time-integration algorithm 
is general and can be applied to the description of ductile damage irrespective of the plastic 
response of the matrix. Such a strain-rate based approach is most appropriate for porous 
materials with matrix described by complex yield criteria for which a closed-form expression 
of the stress-based potential cannot be obtained explicitly.  
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Appendix A: SRP of a porous solid with Tresca matrix for axisymmetric strain paths 
 
For axisymmetric conditions, the plastic strain rate can be written in the form: 
( ) ( )
3311 1 1 2 2 3 3
= D + + Dp p p⊗ ⊗ ⊗D e e e e e e , with (e1, e2, e3) being the unit vectors of a Cartesian 
coordinate system. The SRP corresponding to a porous solid described by the Tresca criterion 
and containing spherical voids is an even function in Dp (Cazacu et al.,2013). Thus, only the 
expression of the SRP for the cases when ( 0≥pmD and 011 ≥′ pD ) and ( 0≥pmD and 011 ≤′ pD )  
is given in the following; for all other axisymmetric strain paths the expression is obtained by 
symmetry.  
(i) For 0≥pmD and 011 ≥′ pD : 
 
( ) ( ) ( )( )
( ) ( ) ( )( )
( ) ( ) ( )( )
p
1 1
p
2 1
p
2 2
/ ,
8
/ , 1
8
/ , 1
8
p
m
p
m
p
m
D F u f F u u f
D F u f F u f u
D F u f F u u

Ψ = − ∀ <

Ψ = − ∀ < <


Ψ = − ∀ >
D
D
D
 (A.1) 
with 
( ) ( ) ( )
( ) ( ) ( )
2 3/2
1 3/2
2 3/2
2 3/2
3 8 6 1 16( ) 1 16ln 2 ln 16ln 1
1
3 8 6 1 16( ) 1 16ln 2 ln 16ln 1
1
y y y y
F y y
y y y
y y y y
F y y
y y y
+ + −  +
= − − + + −  
− 
+ + −  +
= − − + + −  
− 
  (A.2) 
(ii) For 0≥pmD and 011 ≤′ pD : 
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( ) ( ) ( )( )
( ) ( ) ( ) ( )( )
( ) ( ) ( )( )
1 1
2 1
2 2
/ ,
8
/ 12 16ln 2 , 1
8
/ , 1
8
p
p m
p
p m
p
p m
D G u f G u u f
D G u f G u f u
D G u f G u u

Ψ = − ∀ <

Ψ = − − − ∀ < <


Ψ = − ∀ >
D
D
D
 (A.3) 
with: 
 
( ) ( )
( ) ( )
2
1 3/2
2
2 3/2
3 6 126( ) arctan 8ln 1
1
3 6 1 26( ) arcsin 8ln 1
1
y yyG y y
y y y
y y yG y y
y y y
− − 
= − − − +  
− 
− −  
= + + +  + 
 (A.4) 
 
